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closed  half  space  G  =  {xcR1*  :  Xj  2  0),  where  d  22,  with 
Wentzell's  boundary  conditions  does  not  hit  any  specified 
point  on  the  boundary.  1  :  Jl 

r:\ui 


Abbreviated  Title:  Diffusions  in  Closed  Half  Space 
AMS  1970  Subject  Classification:  60.160 

,•  ’  .  \ 

i.OPy  1 

\'>S*’lCT£0  J 

This  research  partially  supported  by  the  Air  I orcc  Office  of  Scientific 
Research  Contract  149620  82  C  0009. 


( 


It  is  known  that  a  Brownian  motion  in  the  unit  sphere,  with  normal 

reflection  at  the  boundary,  does  not  hit  a  specified  point  on  the  boundary* 

— """"  1  ■  — ^ 

(see  McKean  (1969) )."  The  aim  of  this  article  is  to  prove  that  a  non-degen¬ 
erate  diffusion  in  the  closed  half  space,  with  certain  Wentzell-type  bound¬ 
ary  conditions,  does  not  hit  a  point  on  the  boundary  specified  in  advance. 

We  also  give  an  application  to  a  boundary  value  problem.  \ 

Let  G  =  {x  *  (Xj  , . . . ,  xd)  :  Xj  >  0}  ,  3G  =  {x  e  IRd  :  Xj  =  6}  and  G  =  Gu3G, 
where  d>2.  We  have  the  coefficients  a,b  defined  on  G,  and  a,y,p  defined 
on  3G,  satisfying  one  of  the  following  two  sets  of  conditions. 

Conditions  I.  (I  1)  For  each  xeG,  a(x)  =  ( (a  i  ^  (x) ) )  ^  ^<d  is  a  d*d 
real  symmetric  positive  definite  matrix;  a(»)  is  bounded  and  continuous; 
a ”*(•)  is  also  bounded  and  continuous. 

(I  2)  b(*)  =  (bj (•),...,  bd(*))  is  a  bounded  and  continuous  ]Rd-  valued 

function  on  G. 

(I  3)  y(*)  =  (y^(»),...,  Y^C*))  is  an  Fd  *- valued  function  on  3G; 

Yj  eC^(3G)  for  j  =2,...,  d. 

(14)  a  ^  0  as  a  (d  -  1)  *  (d  -  1)  matrix. 

(15)  p  =  0;  or  p  is  a  bounded  locally  Lipschitz  function  which  is  strictly 
positive  at  each  point  of  3G. 

The  set  of  alternative  conditions  is 

Conditions  II.  (II  1)  In  addition  to  (I  1)  we  assume  that  for  each  xeG, 
there  exists  a  d  xd  real  symmetric  positive  definite  matrix 
a(x)  =  ((o.  .  (x)))  1<;.  .  ,  such  that  a(x)  =  a(x)a* (x) ;  o(*)  is  bounded  and 

continuous,  and  cj  (•)  is  also  bounded  and  continuous. 


(II  2)  Same  as  (I  2).x. 


j  • .  ' 


(II  3)  y(»)  *  (Y2( *)»---»  Yjt*))  is  an  K  -valued  bounded  and  continuous 

function  on  3G. 

(II  4)  For  each  xe3G,  a(x)  =  ((ol..  (x)))2<i  ^<d  is  a  (d  -  1)  x  (d  -  1)  real 

symmetric  positive  definite  matrix,  and  there  exists  a  (d  -  1)  *  (d  -  1)  real 

IV 

symmetric  positive  definite  matrix  o(x)  =  ( (o„  (x)) ) 2<^  ^<d  such  that 

/v  iv  <v  iv.  J 

a(x)  =  a(x)*a*(x).  a(*)  and  a  (•)  are  hounded  and  continuous. 

(II  5)  Same  as  (1  5). 

Define 


v2  d 


L  s  *  .  ?  57177*  T,  bi(x)  577 

i,j=l  J  i  3  i=l  i 


■’ '  axi  * 15  3xi3,j  *  iLYilx)  3xi 


l.ct  Q  -  C([0,°°)  :  G)  be  endowed  with  the  topology  of  uniform  convergence 
on  compacta  and  the  natural  Bore l  structure. 

Under  conditions  less  restrictive  than  the  set  of  Conditions  I,  Stroock 
and  Varadhan  (1971)  have  established  the  existence  of  a  unique  solution  to 
the  submartingale  problem  corresponding  to  the  coefficients  a,b,y,p.  Fol¬ 
lowing  Watanabc  (1971),  Nakao  and  Shiga  (1972)  have  established  the  existence 
of  a  unique  solution  to  the  stochastic  differential  equation  corresponding 
to  the  coefficients  a,b,a,y,p  under  conditions  less  restrictive  than  the  set 
of  Conditions  II.  The  equivalence  of  these  two  formulations  can  be  found 
in  N.B.  Karoui  (1975).  (Mere  uniqueness  is  in  the  sense  of  law). 

So,  when  Conditions  I  or  1 1  hold,  for  each  x<*G  there  exists  a  unique 


probability  measure  P  on  Q  such  that 


3 


1)  P  {XU)  eG  for  all  t  ;>  0  and  X(0)  =  x>  =  1 

t 

2)  f(X(t)J  -  /( Ir* (Lf ) ] (X(u) )  du 

0 

9  H 

is  a  P-submartingale  for  any  feCb(lR  )  satisfying  Jf^O  on  3G,  and  where  X(t) 

denotes  the  t-th  coordinate  map  on  ft;  also  the  process  X(t)  is  strong  Markov 

and  Feller  continuous.  Further,  there  exists  a  continuous,  non-decreasing, 

non-anticipating  process  £(t)  on  ft  such  that 
t 

(i)  Sit)  =  Jl3G(X(u))  dSlu)  (3a) 

and 

t  t 

(ii)  f (X (t) )  -  /[I  *(Lf)]lX(u))du  -  Jjf(X(u))dS(u)  (3b) 

0  0 

2  d 

is  a  Px-martingale  for  every  fcC^(Fa). 

We  shall  call  the  family  { P^ :  x e  G}  the  diffusion  corresponding  to  (L,J) . 
We  first  prove  a  theorem  which  effectively  reduces  the  problem  to  the 
case  of  normal  reflection;  this  theorem  may  be  of  independent  interest.  But, 
we  first  need  a  few  lemmas. 

Lemma  1 .  Let  g:  IRm  ►  Rm  be  a  bounded  and  continuous  function  (i.e.  image  of 
g  is  contained  in  a  compact  set).  Define  g^  IRm  -*•  Fm  by  g^x)  =  x  +  g(x) . 

Then  g^  is  onto. 

Proof.  Let  zc  Fm  be  fixed.  Define  h_:  lRm  -*■  JKm  by  h  ( x)  =  -g(x)  +z.  Since 

Z  Z 

range  of  h^  is  contained  in  a  compact  set,  by  Brouwer's  fixed  point  theorem, 

there  exists  x  e  Fm  such  that  h  (x)  =x,  i.e.  z  =  x  +  g(x).  This  shows  that  g 

is  onto.  □ 

.  2  —  _ 
Lemma  2.  Let  Conditions  1  hold.  There  exists  a  C  -diff  comorph  ism  T:  G-*-G, 

given  by  (y^^.---.  y^)  =  T^,^ .  z^)  ,  such  that  the  following  hold: 

(i)  T  is  identity  on  3G. 


C  *  I )  under  T  ,  .)  =  +  Z  Y.  (y)  5—  is  transformed  to  J  =  ~  on 

“Yj  i-*  1  dYj  dZj 

3G. 

(iiij  L,  given  by  (1)  (in  the  variables  y^...,  yd)  ,  is  transformed  to 

a  strictly  elliptic  operator  L  with  bounded  coefficients  (in  the  variables 

“1 

Z1 » z2 * ■ • ■ *  zd^  under  T  ;  and  L  has  a  representation  like  (1). 


Proof .  By  condition  (I  1)  there  exist  constants  aQ>0,  M>0  such  that 
|  a.  j  (x)  |  s  M  for  all  x  £  G ,  1  <  i  ,j  <  d, 

and 

afl  =  infteigenvalues  of  a(x):  x c  G } . 


We  first  consider  the  case  when  there  is 


32Y . 


\ 

8Md‘ 


a  constant  p  such  that 


(4) 


For  x  =  (Xj » x2 , . . . ,  xd),  let  x  =  (0,x2>...,  xd) .  Note  that  by  (4),  for 
x,  x'  c  3G,  we  have 

|Y(x)  -  Y(x ' ) | 2  *  (d  -  ljp2|x  -  x'|2  (5) 

bet  A  be  such  that  0  <  A  <  ;  let  $  be  a  smooth  function  on  (-1,°°)  such  that 

4>  is  non-decreasing,  <  1,  and  4>(v)  =  v  if  vsJsA,  and  <)>(v)  =  A  if  v>A. 

Define  T:  G  -* G  by 


(yi»y2.---.  /j)  f(Zj,z2,...,  ZjJ 

( zj » z2 ’  •  •  • »  ♦  <KZj)  (0,Y2(z)  , . . .  ,  Yj( z) )  (6) 

We  claim  that  T  is  one-to-one;  indeed,  let  Kzj.z^...,  z^)  * 

T(zj  ,22»  ’  * ' »  •  bY  (6)  »  it:  is  clear  that  z j  =  z * ;  and  hence,  4>( Zj  J  =  <t>[z j). 

Therefore  z  +  <t>(Zj)Y(z)  =  z'  +  (KZj)  Y(z' ) .  Consequently  by  (5), 

|z  -  z*|  =  <MZj )  | Y(z)  -  Y(z’)|  ?  Ay'dTT  p|z  - 


z'  I  <  I  z  -  z'  I 


which  is  a  contradiction  unless  z  -  z' .  Thus  T  is  1-1.  By  Lemma  1,  T  is  onto 
(Actually  T  is  one-one  and  onto  on  every  (z^  =  constant}).  Since  <J>(0)  =0,  it 
follows  that  T  is  identity  on  8G. 

Since  T  is  a  bijection,  from  (6),  we  may  write 

^ zi * Z2 ’ ‘ ’  zd^  —  (y1>y2>---’  yd)  ”  Yd(^)) 

=  (y1,y2.-*-»  yd)  -  <Ky1)(o,e2(y),...,  ed(y))  (7) 

(V 

where  0^  (y)  =  YjU(y))>  with  z  expressed  as  a  function  of  y. 

Since  y.'s  are  twice  continuously  differentiable,  by  inverse  function 

2 

theorem,  it  follows  that  the  transformation  T  is  a  C  -diffeomorphism  and  its 

2 

inverse  is  also  a  C  -diffeomorphism.  Thus  fl^'s  are  twice  differentiable  as 
functions  of  y. 

Next,  we  claim  that 


typ  *  Mdlil) 

86  80  _  8Y  8Y 

To  that  end,  set  Yj  =0,  0J  =0;  8p6  =  ,  t^-)  ,  8pY  =  ,  gj-) , 

for  p  =  l,2,...,  d.  Here  it  may  be  noted  that  Y2,...,  Y^  can  be  considered 

functions  on  G  by  making  Y.(x)  =Y.(x)j.  Let  D  Y  denote  the  (.d  x  d)  matrix 

8Y.  3  J  z 

given  by  (I)  y)  ...  =  Then  a  simple  computation  shows  that 

Z  Ik  a  Z, 


[I  ♦  <Hy1)(D2Y)]8pe  =  8pY  (9) 

8Y. 

where  I  is  the  (d  *  d)  identity  matrix.  Since  |4>(y..)  |  s  Xy  and  dXy<*j, 

-  i  ^ 

it  follows  that  II  +  ^(y^D  Y]  exists  and 

X  z 

II  (I  * 'Ky,)n2vl-lIU  i-rror  • 


Hence  by  (4)  and  (9)  we  get 

I VI  ‘  ITfcy 


whence  (8)  follows. 

Now  for  any  smooth  function  g,  by  (7),  we  obtain  the  following: 

d  39 .  .  > 

=  -£§-  +  y  r -A *  fy  )0  (y)  -  d>fy  )  — - J-l  ~°iL 
dyl  3Z1  j=2l  71  J  3yj  * 

’ 

30 .  .  30 .  „ 

■  11  ■  *(yi)  5771  jt  *  J  3^1  it  • 

1  1  1  j/l.l  71  J 

for  \=2,...,  d.  Since  <J>(0)  =  0 ,  <J>*  (0)  =  1  and  0^  (y)  =  y^  (y)  on  (yj  =  0} ,  it 
follows  from  (10)  that 


^  *  J2Vy)  5^ 


i  'yl  =0  w‘l'Zl  =0 


This  establishes  conclusion  (ii)  of  the  lemma. 

Differentiating  again,  it  can  be  shown  that,  for  i,j  =1,2,...,  d, 

1^  ‘  *  k  j=14W(')  f;^  *  first  order  terms.  (12 

where  dJJ  =  6^;  since  1 0 1  <  A ,  1 4>  *  |  si,  1 6^  ]  <  y  <  1 ,  by  (4),  (8)  and  the  ealeu 
lations  leading  to  (12),  it  can  be  proved  that 


I  “  1  -  (dAy)  W 


Now  from  (12)  we  get 


ft}  •  i'i"  •  1,‘ v>  ♦  v-»  ft} 


+  first  order  terms 


where  nij(*)  =  £=iai  j  ’  In  view  of  (13)  is  easily  seen  that 


for  any  £  =  (£j, . . . , 


Cd)  in  1R  , 


y  n- -C-C .  «  t 
1  .  h  ,  1111  1  1 

i,j=l  J  J 


4Md‘ 


(dXu) 


M  |C|“ 


(15) 


Since  tlXy  <  ^ ,  we  have  from  (4)  and  (15), 


y  (a. .  +  n- •)£  C-  ^  [a_  “  T 
:  4  ,  1J  1J  1  J  0  1 

X  >  J  1 


4Md~ 


(dXpj 


MlUl  >  0 


for  any  £^0.  It  may  be  noted  that  there  are  no  terms  of  the  form  q(*)g(*) 
in  (12),  and  hence  in  (14).  Thus  L,  given  by  the  right-side  of  (14),  is 

uniformly  elliptic  (in  the  variables  z1.z2» *  zdI  •  This  completes  the  proof 

in  the  special  case. 


In  the  general  case,  since  Y^  eCb(3G),  there  exists  a  constant  such 


that 


3Y. 


2 

3  Y. 


'V'  '^3^'  5  K1‘ 


kl 


Choose  K  large  enough  that  -r-  <  - =-■ 

8Md 


Note  that  the  diffusion  corresponding 


to  (l.,.J)  is  also  the  diffusion  corresponding  to  (L,^-J) 


Set  z.  »  Kz.  ,  z.  =  z.,  j=2,...,  d;  Y.(z)  =  —  Y .  (z)  for  z  e  3G.  It  is 
1  1  J  J  1  *  J 


then  easily  seen  that  the  general  case  is  reduced  to  the  previous  case  with 


1 


the  new  cllipticity  constant  a^CKAl);  also  ^-J  in  the  z-coordinates  is  trans- 


3  d  A  a  3  a 

formed  to  -  +  E.  „Y.(z)  — —  in  the  z-coordinatcs.  The  lemma  now  follows 

..A  1  =  2  I  „A 

izi 


3z . 
J 


in  the  general  case  from  the  special  case  considered  previously. 
We  can  now  state  our  first  theorem. 


□ 


’theorem  ].  Let  Conditions  I  hold;  let  L,  I.,  .1,  .1,  T  be  as  in  Lemma  2.  Let 


{P  :  y  €  G)  be  the  diffusion  corresponding  to  (L,J)  .  Let  T:  be  defined 

y  a  A  A 


by  (Tw)(t)  =T(w(t)).  T  is  a  homcomorphism  on  (2.  Set  P  =P  T,  where  y  =  T(z). 


8 


Then  (P  :  zcG}  is  the  diffusion  corresponding  to  (L,JJ. 

Proof.  Let  8 1  =  o{X(s):  0  ss  ^  t}  be  the  natural  filtration  in  If  EeB^, 
note  that  TE,  T_1EeBt.  Let  f  cC^(]Rd)  be  such  that  Jf  >  0  on  3G.  Define  7 
by  setting  f(y)  =f(T  *y)  •  Note  that  Jf(y)  =  Jf(z),  where  y  =  T(z);  consequently 
.Ff>0  on  3G.  Hence 

t 

f(X(t))  -  /[ Ir •  (Lf)  J  (X (u) )du 
0 


is  a  P^-submartingale  (.with  respect  to  . 

Note  that  by  Lemma  2 

[IG-(Lf)UT_1X(t,w))  =  [Ic‘(Lf)](X(t,w)) 

for  all  t  and  all  well.  Consequently,  an  elementary  argument  involving  change 
of  variables  yields  that 

t 

fCX(tj)  -  J[I  *(Lf)](X(s))ds 


is  a  P  -  submart  ingale.  This  completes  the  proof.  □ 

2 

Remark .  Let  Conditions  II  hold;  in  addition,  let  eC^(3G).  Let  T  be  de¬ 
fined  as  in  16) .  Since  $(,0)  =0,  the  calculations  leading  to  (12)  show  that 


for  2  '  i ,  j  <  d , 


a2 

3  JL 


3y.3y.  3z  3z. 
J  J  1  J 


on  3G.  Consequently,  analogues  of  Lemma  2 


and  Theorem  1  hold  in  this  case  with  .J  given  by  (2)  (m  the  y-variables)  and 

.  ,  .,2 

•>  =  +  *s£.  •  <X.  .(*)  ■  □ 

3Zj  i,j=2  ij  3z.3zj 

Hereafter,  L  and  .1  will  be  as  in  (1)  and  (2),  that  is,  in  the  x-variables. 
We  need  a  few  lemmas. 


Lemma  3.  Let  Conditions  1  or  II  hold;  let  fl’  :  x  c  G]  be  the  diffusion  corre- 
-  x 

sponding  to  (L,.J).  Let  U  be  a  bounded  open  set  in  G.  Then  sup  K  (n..)  <°° 

xel)  X  U 


i 


9 


and  sup  (Hyl )  <  00 ,  where  £  is  as  in  (3)  and  riy  =  inf{t  >0:  X(t)  i  U}. 

XfU 

2  —  qx.  _ 

Proof.  Let  heC^(G)  be  such  that  h(xj  =  e  1  for  x  =  (Xj,...,  x^)  in  U  and 

q  is  a  suitable  positive  constant  so  that  Lh  > 1  in  U.  Note  that  Jh  >  q  >  0  on 

3Gn(J.  By  1 3b J  and  optional  sampling  theorem,  for  every  T>0 

HyAT  hyAT 

l!fhtX(nnAT))  -  h(X(0))  -  /  [1  -(Lh)](X(uj)du  -  /  Jh  (X  (u)  )dC (u)  ]  =  0 

x  u  0  0 


for  xcU  and  X(0)  =x.  Since  h  is  bounded,  Lh  >  1 

and  monotone  convergence  theorem  it  follows  that 

h  is  bounded,  .Jh  -  q  >  0  on  3C  n  U  and  Lh  >  0  in  U, 

gence  theorem  it  follows  that  sup  E  (C(n,,))  <°°. 

xtU  x  U 

fix  C  t  G.  For  xtG  such  that  x^r, ,  define 


in  U  and  Jh  > 0  on  3G,  by  (16) 

sup  L  (a  )  <°°.  Again,  since 
xeU  X 

by  (16)  and  monotone  conver- 

n 


A^(x)  = 


d 

l 


ij-l  1J 


a; ; lx) 


(X  -  5. ) (X.  -  C.) 


X  -  C  ' 


B(x) 


d  d 

l  a..(x),  C  (x)  =  2  l  b  (x)(x.  -  C ) . 
i=l  ^  i=l  1  11 


For  r  >  0 ,  define 


S?lr) 

Mr) 


B(x)  -  A^(x)  +  C  .(x) 

A^OO 


i  nf 

|x-c|-r 


•B(x)  -A^(x) 

ATOO 

la 


♦C  (x) 

v _ 


Let  c>0.  Define  for  r>c, 

r  r 

Tc,C(r)  =  {  ih(u)du  ’  Ic,c(r)  =  l  u  k{u)du  • 

r  _  r 

!•'  Ar>  =  /  exp(-I  (uj)du  ,  f  (r)  =  /  exp(-T  (u))du 

c  C»S  c  ~~Cyb 

and  ]vX  *c,r,(x)  =  Fc,f^x  '  ^  and  -^c,fU)  =  --c  c(^x  ‘ 


(16) 


Let  II  be  a  real  valued  twice  continuously  differentiable  function  on 
(0,«°),  and  let  h(x)  =  H(|x-c|).  Then  it  is  easily  seen  that  for  | x  -  C I  >0, 


2Lh(x)  =  A  (x)H"(|x  -  c|)  +  -^(B(x)  -  A  (x)  ♦  C  (x))  (17 

^  I  x  -  C  |  4  4 


Lemma  4.  Let  Conditions  I  or  II  hold;  let  Z,  e  G  be  fixed.  Let  c  and  n  be 
fixed  real  numbers  such  that  c  <  n;  let  x  e  G  be  such  that  c<  |x-c|  <n;  and 
let  in  =  inf{t^0:  |X(t)  -  =  c  or  n}.  Then 


F.  ^C|x  -  Cl J 


1 


ln 


(nj  EM 

C  f  L,  U 


<  I*  ( T  <  T  1 

xl  3B(£:n)  3BU:c)j 


Fc.C(l»-C|) 


c,C 


Tn  _ 

-  El/  Jf  IX(u))d5(u)]  , 

(n)  X  0  C,<; 


(18 


where  for  a  closed  set  K  in  G,  =  inftt^O:  X(t)  eK}. 

Proof.  Note  that,  by  Lemma  3,  ^n<0°  a.s.  P  .  We  apply  (3b)  to  the  functions 
f  and  f  and  proceed  as  in  the  proof  of  Lemma  2.1  in  Bhattacharya  and 

C  i  £,  C  ,  Cj 

Kama s ub ra man i an  (1982);  finally  an  application  of  the  optional  sampling 
theorem  yields  the  lemma.  We  omit  the  details.  □ 


Remark .  Suppose  L  transforms  smooth  radial  functions  into  smooth  radial 

functions.  Further,  let  J  =  ~ —  •  Also,  let  Z,  =  0  for  simplicity.  Then 

1 

A^(x)  and  B(x)  +C0(x)  are  easily  seen  to  be  radial  functions;  consequently 
B  =  B.  Also  Jf  ~  Jf  r 0  on  3G.  Hence  (18)  becomes 


ETn(n) 


‘VT3B(0:n) 


<  '^(Ojc)3  =  7t 


ntM) 


(19) 


(  T\  ^ 


MA 


■  -  "  ■..  .•  .' 


.  t  -, .  r:  r: . . ,■  ■:*  -.- 
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Since  L  transforms  radial  functions  into  radial  functions,  by  (17),  it  can  be 
seen  that  solving  Lh(x)  = 0  in  c  <  |x|  < n  is  reduced  to  solving  a  (one-dimen¬ 
sional)  second  order  ordinary  differential  equation  in  the  interval  (c,n) . 

The  latter  can  be  done  easily,  and  (19)  thus  gives  the  solution  to  the  problem: 
Lh(x)  =  0  for  c  <  |  x |  <n,  Jh(x)  =  0  for  x  e  3G, 
h(x)  =  1  for  | x |  =  n,  h(x)  =  0  for  |x|  =  c. 

In  the  general  case,  for  5  e  3G,  px(T3B(ir.nj  <  TaB(^-c)-)  is  bounded  above 

and  below  by  similar  radial  functions  (which  are  harmonic  for  an  elliptic 
operator  which  transforms  radial  functions  into  radial  functions) ,  plus  cor¬ 
rection  terms  depending  essentially  on  the  boundary  conditions,  (cf.  see  [1] 
and  [2]. 

I 

We  are  now  in  a  position  to  prove  our  main  theorem. 

Theorem  2.  Let  Conditions  I  or  II  hold,  and  let  £e3G.  Then  for  any  n>0 
and  any  x  such  that  0<|x-?Jin, 


lim  P  (x 

X 

cfO 


3B(C:n) 


<  T3B(C:c) 


)  =  1 


(20) 


Consequently,  the  diffusion  does  not  hit  a  point  on  the  boundary  specified  in 
advance. 

I  hold.  In  view  of  Theorem  1  it  is  sufficient  to 

In  such  a  case  note  that  Jf  „  = 0  on  3G.  Then,  as 

-c.C 

for  any  n  >  0  and  any  0  <  |x  -  c|  sn,  (20)  follows 

from  (18). 

(ii)  Let  Conditions  II  hold.  Let  x  e  G  be  fixed  and  x^£.  Let  n>0  be 
fixed.  Let  e  >0  be  given.  Choose  c  >0  such  that 


Proof,  (i)  Let  Conditions 

3 


consider  the  case  J  = 


3x, 


L  r(l*-5|) 


.  (n) 


-*■1  as  c  1  0 


:  V-V  VA  V-V Vv-'-'V V-V 
%  *•  *»  **•■'*  «* 
•  *  •  vvVAt'V-V  i--'  • 


*  i  «  .  •  •  » 


-■  .\S  . I  -A ■  I  A  ■  V.VA  ■  I  .S . <  .  I  ■% .1  .1  .lA 
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tc,Cln) 


>  U  -  r.) 


(21) 


Note  that  constants  T\ ,  j  =2,...,  d  can  be  chosen  so  that 


•If  (y)  £  0  for  c  <  |y  -  c|  s  n,  y  e  3G, 

9 


(22) 


where 


a  2  ~  3 

j  -  j  *  I  °i1(-)ri  57- 

1 ,  j=2  1:1  1  xi 


c 

Let  Q  be  the  diffusion  corresponding  to  (L,J),  starting  at  x.  Note  that,  by 

a  Girsanov-type  theorem  (p.  468  and  p.  453  of  Nakao  and  Shiga  (1972)), 

,c  •  , 


=  5 

C,t  “  dP 


8. 


=  exp{  l  r.B.o-(t))  -  h  l  rat)}, 


j=2 


J  J 


j=2 


where  (B2(s),...,  Bd(s))  is  a  (d  -  1)  dimensional  P^-Brownian  motion  indepen¬ 
dent  of  £(t) . 

Write  A  =  (t 

A 

By  (18),  (21),  (22)  applied  to  the  (L,J) -diffusion,  we  get 


3BU:n)  <  X3B(C:c)}  and  \  {(x3B(£:n)  A  X)  <  tX3B(C:c)  At)}> 


<£(A)  >(!-£) 


Consequently,  Qx I At )  >  (1  -  e) ;  and  hence 
/a  *c,t  dPx  x  11  -  e) 


(23) 


Note  that  P„(ip  >  1) -*0  as  t  Hence  (23)  implies  that  limP  (A  )  >(l-e). 

*  c»t  t-*°  x  T 

Thus  PX(A)  >  (1  -  c) ,  whence  (20)  follows.  This  completes  the  proof.  □ 

Wc  now  give  two  applications. 

Corollary  5.  Let  Conditions  I  or  1 1  hold.  Let  l)  be  a  bounded  open  set  in  G 
satisfying  an  exterior  cone  condition  (in  G)  and  such  that  3D  n 3G  is  a  finite 
set.  Let  T  =  inf(t>0:  X(t)  /I)}.  Then  t  is  continuous  P  -  a.s.  for  any  xfD, 


Proof.  Set  i*  =  inf{t  2  0:  X(t)  /D).  It  can  be  seen  that  t  is  upper  semi- 
continuous  and  that  x*  is  lower  semi  continuous .  Therefore,  it  is  sufficient 
to  prove  that  Px(x=x')  =1.  Since,  by  Theorem  2,  Px(X(x)  e  3G)  =0,  it  is  suf¬ 
ficient  to  prove  that  P^Cx'  >0)  =0  for  any  y  e  3D,  y^3G.  Because  of  the 
0-1  law,  it  is  sufficient  to  prove  that  P  (t'  >0)  ^1  for  any  y  e  3D,  y^3G. 
This  now  follows  from  the  exterior  cone  condition  and  the  support  theorem  of 
Stroock  and  Varadhan  (1979,  Exercise  6.7.5).  □ 

Corollary  6.  Let  Conditions  I  or  II  hold;  let  p=0.  Let  D  and  x  be  as  in 
the  preceding  lemma.  Let  f,g,h  be  bounded  and  continuous  functions  respect¬ 
ively  on  l),  3D,  3G.  Then 

X  X 

u(x)  =  E  |g(X(x) )  -  /  f(X(s))ds  -  /  h(X(s))d£(s) ] 
x  0  0 

is  continuous  on  D. 

Proof.  In  view  of  Lemma  3,  note  that  u  is  well  defined  and  bounded.  By  the 
preceding  corollary  and  Feller  continuity,  the  corollary  follows.  □ 

Remark .  Note  that  u  defined  as  in  the  preceding  corollary  is  the  unique  so¬ 
lution  to  the  boundary  value  problem: 


Lu  =  f  on  D,  u  =  g  on  3D,  Ju  =  h  on  3G; 

that  is, 

tAX  tAX 

u(X(tAxj)  -  /  f(X(s))ds  -  /  h(X(s))dUs) 

0  0 


is  a  Px-martingale,  and  u  =  g  on  3D.  If  D  is  as  before  and  is  connected, 
f  2  0  in  D  and  if  u(x)  =0  for  some  xeD,  x  l  3G,  then  by  the  preceding  corol¬ 
lary  and  Lemma  2.3  of  Bhattacharya  (1978)  it  follows  that  u  i  0  in  D. 
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